: |
F v\(us./ﬁelation between roots and coefficients.
Let f(z) = apz™ +aiz"™ " + -+ an be a polynomial of degree 1
with coefficients real or complex. Then ag # 0.
Let o, s, ...,Q, be the roots of the equation f(x) =0. Then

aoz™ + a1z 4 - + an = a0(T — o1)(z — az2) .. (z — 0n)
= ag|z™ — Yozt +Yajaz™ i —...+ (- (maz. . an)], where

Yaq — sum of the roots

Yayae = sum of the products of the roots taken two at a time

. = sum of the products of the roots taken r at a time.

Yajag ... O
ows that

From the equality of polynomials it foll
ay = ao(——Zal)
as = ao(ZO!laz)
az = ao('—-Ealagag)

an — ao(—l)"a1a2 I 8 7990
_a - 92 _ |
ap’ Yoo o) Yoajaga3 | = 25

—
pumm——

Therefore 201

a
...,ala2---an=(—1)n :LJ(-)L
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ticular cases. ] 3 2
v bic equation @0® +a12° T 2T +q,
e the roots of the cubl =

J/ Ifa,B,7b
then ’_q,a;

e A aﬂ’)’r"’ao

| i tic €
/ If a, 8,7, 4 be the roots of the biquadratl
2 + gz +aq = 0 then.

a a
@ Safy=-— a3 afyd=*%

— ’ .

y aQ=-— %;’ Eaﬂ-"‘ 00, apyY ao . aq

ation agxd
e i a’l-’l)3 +

Worked Examples. . .,
-z — 182+9=0 if two of the roots 5y,

Solve the equation 2
ual in magnitude but opp051te in sign.
B.

Let the roots be @, 8,7 and a=—

Thena+ B+ = % (1
oBifrrre = -9 e Q)
afy = 3 . (i) |
Since a + 8 =0, from (i) V=3 ; and from (iii) a21 9.
Therefore o = +3. Hence the roots are; 3,—3,3-

Solve the equation 16z — 6423 + 5622 + 162 — 15 = 0 whose roots

are in arithmetic progression.
Let the roots be o — 36, — d,a + 5 a + 36. Then
| da = 2 (i) ‘
{(a —38) + (a+38)}{(a—0)+ (a+ 5)} + (@ — 98%) + (o - 52)
(ii)
{(a—35)(a+36)}{(a—6)+(a+6)}+(a—5)(a+5){(a—35)+(a+35)}

C==10 e ()

(a®=98%)(a® = %) =-28 - . (iv)

From (i) @ =1 and from (il) a’-1002=Zor, § = +1 1
Therefore the roots are 1 — 3 51— l 1 135
1+ 2’1+ —% 21202

3. Solve the equation 224 —
in geometric progression, 5% - 162% + 10z +8 =0, the roots being -

First we observe that i
. . at lf fO . 0-
gression then ad = be, ur numbers a,b,c,d be in geometric pr

Let a,8,7,6 be the roots of the equation. Then




e
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a+p4
(a+5)(,3+’)’)+0451-;$ il (
ad(B+7) + By(a + 8)* —% (3)
, a5.ﬂfy — \Z (iii) -
ad = 6, (iV)
From (1), (i) and (v) we haye o | )

From (i) (@+8)(B+4) = _7 = Pr=-2
2

From (i) and (vii) it followe o1,

) 2" 5, 7 S that o
equat.lon t° — §t — 5 = 0. Therefore : =t‘]5.,ﬁ7 o (
From (vi) and (viii) it follows W2lS :
4 that .
are the roots of the equation 72 e ;nf ((>)f the pairs (a, §) and (8, 7)
roots of the equation y2 — %y —9_ i a'nd_ the other pair are the

Solving, we have x = 1, —2%y=_14
2%

ence the roots of the o i :
/H € glven equation are ~-1,1,-2,4.
4

. If a be a multiple root of order 3 of the e ;
| equation bz? d =
d # 0), show that-a = _%é_ z*+bzx®+cx+

C

0, (

Since d # 0, no root of the equation is 0. Let the roots be o, a, a, 5.
Then a # 0, 8 # 0.

We'have 3a+ 8 = 0 G (D)
o®+3a%8 = —c . (i)
o’ = d S $1%) | —
From (i) 8 = —3aq; from (iii) 803 =.¢; from (iv) 3a* = —d. ‘
4 d . ——§‘1
ince o # 0, ¢ # 0, we have g—g—g = —% or,a=—73.

" Find the relation among p,q,7,s so that the product of two roots -
of the equation z* + px3 + gz + rz + s =0 is umty.

Let a, 3,7,0 be the roots and af = 1. Then

atfass =
(@+B)(y+d)+aB+70 = 1 )
aﬁ(7+5)+75(air6ﬂc)s ) 7 Hig)
(87584 =
= =T .. (V)
From (iv) 46 = s and from (iii) (7+5)+s(a+ﬁ)
il
From (1) and (v) @+ 8 =1-s"
—p — =T,
Brom () 4 6 = —p—T=5 = 1-° \
From (i) (%:2 (212‘_'_2) +1+s=¢
= a2

i ):(1__3)2((1-——3-‘1)'
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. g of roots.
ic functions s tob
fsymmetr or more Va'rlames : Ifarlld et(():)f 'Zna Symmetﬁc
A function f of two tered by an interchans Y two o .

ins una flts
function if f remains

2 :
variables. BRI IS 2,2 4+ z2z% is a symmetric fuy
For example, f(z,,2) =2 Y .
or ’

of & 2'b

f(z,y,2) = TY+YZ is not Symm?rmgg:i T, Y, %, because ¢ doa,
fz,y,2. flz,Y = ST . '
iof rémain ur,lal’tered if z and y are M

uation is an ey
: i the roots of an eq .
etric function of T
thaﬁ‘ iszgll\rrzs all the roots alike and the expressio S un
i ed.
f the roots be interchang ‘ . |
an}’;:;()ezample if a, B,y be the roots of a cub21c equaztlon, a: + B2 4o
) ) . -
is a symmetric function of the roots, while a”f + 5%y + 424 i ot 5
symmetric function.

Ctigy

DressiOn

A symmetric function which is the sum of a number of termg of the

same type is represented by any one of its terms with a & (sigma)

before
it.

For example, the symmetric function a® 4+ 42 + 42 is re
Za?, a®By+ f2ya +42ap is represented by La?gy.

For three variables o, 8,7, Ta28? stands for o
and for four variables o, B,7,6, Xa2p?
o?62 4 4242 4 Y252,

presented by

B2 + B2 +
stands for o 32+ 242 4 4242,

Worked Examples,

\}°/If @, B, be the rootg of the cubi .
find the valye of ¢ €quation z

: L2, i 5 i v
Vg)a%’ \_(yﬁ;(ﬁ;_lfa ﬂa m 2(13, /m 2a2ﬁ2, \m Ej&,’\(_yl)

Since q, B, v are the ro

S + pa? + gz +1r =0,

ots, La = Laf =
L ’ =q, a = —T.
(i) Ta2= (Za)? - 2Yaf = p? - 2q o
(ii) L8 = Ea.Eaﬁ = 3afy = ~p:1 +3
(il) 3 2&2.20 ~Xa?B = (2 ;
PSP - 2g)( ) (g
(iv) xa2p ol e
. B < (Eaﬁ)2 ~ 22&(&[3 ) = g2 ,
. EQ:QBT[?.,HQ:__ | T =¢*—9 ;
(vi) L3 = s
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Lol — (%
(vii) Sar = 21;)2“22~1-=E; 2p __ g%—2
, af 2= H%ﬂ

ote. 1tisassumed in (v),(vi N
N 0. )»(vi) and (vii) that none of the roots is zero,

~1f o, B, 7> 0 be the roots of th
g 0, find the value of € biquadratic equation * +paz? +qz?+

b sa, \S,L)/ZCYQB "(—ﬁ")/ 2 :
'/ﬂ/ﬁ O B o, e

Since a, 3,7 are the roots, L

.‘;(\f EQ:B = Z
afvé— =,;. s.

(i) To? = (Za)? — 28af = p? - 2q,

| @) Za®B=To.Taf - 3Tafy=—pq+3n,

(iii) Ya?fBy = Ta.Xafy — 4afys = pr — 4s,
It e IS
4T (@) Ta?? = (Saf)? - 28a’fy - 6apyé = ¢* — 2pr +2s,
M (v) Ta?B%y? = (Zapy)? - 2Ea’fPyé =r* - 2s,
L/ Ta i
-]20}. '(VI) ):'cl; = afvé _Z;,

z =
(vii) Tg5 = -a—ﬁ%% 2
2 2_2gs
(vii) T = iy -8t == .

14 Note. It is assumed in (Vi) (vii) and (viii) that none of the roots is

zerg, i.e., s # 0. =
i %a, 8,~ be the roots of the equation 23 4+ gz + 7 =0, find the -

wlie of (i) Ta®, () Tapr
iy’ Since o, B, are the roots,

Alsoa® +qa+7 =
p+agp+r =0

Ya= 0, Zaﬂ = Q)a:@7 = — 1.

-

Y+grtrT et v
Therefore S’ + gDo + 37 =
or, Sa? = —37
| Again, ® + ga’ + ro’ i g
| o B+h =

3 +61"/3+T7
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Hence La® = —gLa3 - ria?
= 3gr —r(-2g), since Za® = (Tq)2 _ o
= aqr. ) W
v}ﬂ/cﬂ—ﬂ7 = aa-fy
= —a(f+7)— 587 since a+ [ 4~ - 0
= —(af+By+10a)
= -—q.
3

Therefore E — ﬁ7 —

// If a1,Qz,...,0n be the roots of the equation
, 24t pn =0 (pn #0),

z" +p "1+ poz

, R PP

find the value of (i) 25';" (i) It (iii) L%.
Since aj,azs,...,an are the roots,
. EO’]_ = —PI:EO’IQQ = P2y Q... O = (-l)npn-

20102 On-1 __ ("l)n-l}’ﬂ-l - XA =1
(1) E ajaz..an  (=1)"pn pn
1Pn=1 __
(ii) zg-x = Tap.5L —n=B2= -1,
(iii) 2—1——2-"0;';; Tk 20)

—a1(+++)1

too(E+ L+t L) -1

Jovaran oo
+an(_1_.+_1.+...+_!_.)_1

PiPn=l _ n.

/' —201)3——n- e



